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Crazing

Continuum 
constitutive 

behavior
Contours of damage

• We introduce some “craze”-type inelasticity in the constitutive response
of the material, prior to the damage/softening process.

• We use a gradient-damage theory.

– A major reason for using a gradient-damage theory is to “regularize”
the strain-softening behavior during the damaging process, and to
avoid mesh-dependency related issues during finite element simu-
lations.
Cf. the pioneering studies on fracture of quasi-brittle materials (e.g.,
Bazant,1987; de Borst 1993; Peerlings et al., 1998), and also in the
more recent phase-field theories of fracture of brittle materials (de
Borst et al., 2016).
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Gradient-damage theory



Kinematics
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• Motion, deformation gradient, velocity, velocity gradient:

�(X, t), F = r�, v = �̇, L = gradv = ḞF�1.

• Multiplicative decomposition of the deformation gradient:

F = FeFc,

(i) Fc(X) with Jc = detFc > 0 is the inelastic dilational distortion due
to crazing, and

(ii) Fe(X), with Je = detFe > 0 the elastic distortion.

• Craze flow:

Ḟc = DcFc, Dc = ✏̇cNc, with ✏̇c = |Dc| � 0, Nc = m⌦m,

• Velocity gradient:

L = Le + FeDcFe�1, =) (r�̇)F�1 = ḞeFe�1 + ✏̇c Fe Nc Fe�1.

• Damage variable,

d(X, t) 2 [0, 1], with ḋ(X, t) � 0.
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Virtual power formulation of macroscopic and 
microscopic force balances



Rate-like kinematical descriptors. Internal and External power
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(r�̇)F�1 = ḞeFe�1 + ✏̇c Fe Nc Fe�1, and ḋ � 0. (†)

• The basic “rate-like” descriptors are the velocity �̇, the elastic distortion
rate Ḟe, the craze strain rate ✏̇c, and the damage rate ḋ , and these are
constrained by (†).

• Internal and external power:

Wint(P) =
Z

P

⇣
Se : Ḟe + ⇡✏̇c +$ḋ+ ⇠ ·rḋ

⌘
dvR,

Wext(P) =
Z

@P

tR(nR) · �̇ daR +

Z

P

bR · �̇ dvR +

Z

@P

⇠(nR) ḋ daR.
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