
Pantone
201

Pantone
423

Pantone
420

Pantone
black

MIT red MIT gray MIT light gray MIT black

57%
black

28%
black

100%
black

MIT gray MIT light gray

PMS Black alternates

MIT black

RGB
163; 31;

52

RGB
138; 139;

140

RGB
194; 192;

191

RGB
46; 41;

37

MIT red MIT gray MIT light gray MIT black or

RGB
0; 0;

0

CMYK
24; 100;
78; 17

CMYK
48; 39;
39; 4

CMYK
24: 20;
20; 0

CMYK
66; 64;
67; 67

MIT red MIT gray MIT light gray MIT black

CMYK
0; 0;

0; 100

or

CMYK
24; 100;
78; 17

CMYK
48; 39;
39; 4

CMYK
24: 20;
20; 0

CMYK
66; 64;
67; 67

MIT red MIT gray MIT light gray MIT black

CMYK
24; 100;
78; 17

CMYK
48; 39;
39; 4

CMYK
24: 20;
20; 0

CMYK
66; 64;
67; 67

MIT red MIT gray MIT light gray MIT black

CMYK
24; 100;
78; 17

CMYK
48; 39;
39; 4

CMYK
24: 20;
20; 0

CMYK
66; 64;
67; 67

MIT red MIT gray MIT light gray MIT black

CMYK
24; 100;
78; 17

CMYK
48; 39;
39; 4

CMYK
24: 20;
20; 0

CMYK
66; 64;
67; 67

MIT red MIT gray MIT light gray MIT black

Medium-size black and red logo (72 pixels x 38 pixels) in CMYK with full spelling; do not reduce or enlarge. Small-size black and red logo (54 pixels x 28 pixels) in CMYK with full spelling; do not reduce or enlarge. Large-size black and red logo (108 pixels x 56 pixels) in CMYK with full spelling; do not reduce, but may be enlarged.

Medium-size red and gray logo (72 pixels x 38 pixels) in CMYK with full spelling; do not reduce or enlarge. Small-size red and gray logo (54 pixels x 28 pixels) in CMYK with full spelling; do not reduce or enlarge. Large-size red and gray logo (108 pixels x 56 pixels) in CMYK with full spelling; do not reduce, but may be enlarged.

Medium-size black and gray logo (72 pixels x 38 pixels) in CMYK with full spelling; do not reduce or enlarge. Small-size black-and-gray logo (54 pixels x 28 pixels) in CMYK with full spelling Large-size black-and-gray logo (108 pixels x 56 pixels) in CMYK with full spelling; do not reduce, but may be enlarged.

Medium-size gray and light gray logo (72 pixels x 38 pixels) in CMYK with full spelling; do not reduce or enlarge. Small-size gray and light gray logo (54 pixels x 28 pixels) in CMYK with full spelling Large-size gray and light gray logo (108 pixels x 56 pixels) in CMYK with full spelling; do not reduce, but may be enlarged.

Use one of these three sizes to create other color combinations, following the color guidelines
at http://web.mit.edu/graphicidentity/colors.html.

To create other logo color combinations for web use, use the .gif version of this file found at
http://web.mit.edu/downloads-logo.html.

Use one of these three sizes to create other color combinations, following the color guidelines
at http://web.mit.edu/graphicidentity/colors.html.

To create other logo color combinations for web use, use the .gif version of this file found at
http://web.mit.edu/downloads-logo.html.

Use one of these three sizes to create other color combinations, following the color guidelines
at http://web.mit.edu/graphicidentity/colors.html.

To create other logo color combinations for web use, use the .gif version of this file found at
http://web.mit.edu/downloads-logo.html.

Use one of these three sizes to create other color combinations, following the color guidelines
at http://web.mit.edu/graphicidentity/colors.html.

To create other logo color combinations for web use, use the .gif version of this file found at
http://web.mit.edu/downloads-logo.html.

Gradient-damage theories for fracture of 
(i) quasi-brittle materials (ii) elastomeric materials 

 Lallit Anand 

WFM 2020, Baton Rouge



Pantone
201

Pantone
423

Pantone
420

Pantone
black

MIT red MIT gray MIT light gray MIT black

57%
black

28%
black

100%
black

MIT gray MIT light gray

PMS Black alternates

MIT black

RGB
163; 31;

52

RGB
138; 139;

140

RGB
194; 192;

191

RGB
46; 41;

37

MIT red MIT gray MIT light gray MIT black or

RGB
0; 0;

0

CMYK
24; 100;
78; 17

CMYK
48; 39;
39; 4

CMYK
24: 20;
20; 0

CMYK
66; 64;
67; 67

MIT red MIT gray MIT light gray MIT black

CMYK
0; 0;

0; 100

or

CMYK
24; 100;
78; 17

CMYK
48; 39;
39; 4

CMYK
24: 20;
20; 0

CMYK
66; 64;
67; 67

MIT red MIT gray MIT light gray MIT black

CMYK
24; 100;
78; 17

CMYK
48; 39;
39; 4

CMYK
24: 20;
20; 0

CMYK
66; 64;
67; 67

MIT red MIT gray MIT light gray MIT black

CMYK
24; 100;
78; 17

CMYK
48; 39;
39; 4

CMYK
24: 20;
20; 0

CMYK
66; 64;
67; 67

MIT red MIT gray MIT light gray MIT black

CMYK
24; 100;
78; 17

CMYK
48; 39;
39; 4

CMYK
24: 20;
20; 0

CMYK
66; 64;
67; 67

MIT red MIT gray MIT light gray MIT black

Medium-size black and red logo (72 pixels x 38 pixels) in CMYK with full spelling; do not reduce or enlarge. Small-size black and red logo (54 pixels x 28 pixels) in CMYK with full spelling; do not reduce or enlarge. Large-size black and red logo (108 pixels x 56 pixels) in CMYK with full spelling; do not reduce, but may be enlarged.

Medium-size red and gray logo (72 pixels x 38 pixels) in CMYK with full spelling; do not reduce or enlarge. Small-size red and gray logo (54 pixels x 28 pixels) in CMYK with full spelling; do not reduce or enlarge. Large-size red and gray logo (108 pixels x 56 pixels) in CMYK with full spelling; do not reduce, but may be enlarged.

Medium-size black and gray logo (72 pixels x 38 pixels) in CMYK with full spelling; do not reduce or enlarge. Small-size black-and-gray logo (54 pixels x 28 pixels) in CMYK with full spelling Large-size black-and-gray logo (108 pixels x 56 pixels) in CMYK with full spelling; do not reduce, but may be enlarged.

Medium-size gray and light gray logo (72 pixels x 38 pixels) in CMYK with full spelling; do not reduce or enlarge. Small-size gray and light gray logo (54 pixels x 28 pixels) in CMYK with full spelling Large-size gray and light gray logo (108 pixels x 56 pixels) in CMYK with full spelling; do not reduce, but may be enlarged.

Use one of these three sizes to create other color combinations, following the color guidelines
at http://web.mit.edu/graphicidentity/colors.html.

To create other logo color combinations for web use, use the .gif version of this file found at
http://web.mit.edu/downloads-logo.html.

Use one of these three sizes to create other color combinations, following the color guidelines
at http://web.mit.edu/graphicidentity/colors.html.

To create other logo color combinations for web use, use the .gif version of this file found at
http://web.mit.edu/downloads-logo.html.

Use one of these three sizes to create other color combinations, following the color guidelines
at http://web.mit.edu/graphicidentity/colors.html.

To create other logo color combinations for web use, use the .gif version of this file found at
http://web.mit.edu/downloads-logo.html.

Use one of these three sizes to create other color combinations, following the color guidelines
at http://web.mit.edu/graphicidentity/colors.html.

To create other logo color combinations for web use, use the .gif version of this file found at
http://web.mit.edu/downloads-logo.html.

A gradient-damage theory for  
fracture of quasi-brittle materials 

 Lallit Anand 
with 

Sooraj Narayan 

WFM 2020, Baton Rouge



Brittle versus Quasi-brittle
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• Brittle

– abrupt loss of stress-
carrying capacity

– very low toughness
– e.g. soda-lime glass
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• Quasi-brittle

– progressive damage with
strain-softening

– e.g. concrete
<latexit sha1_base64="B0b83B5vewNNAdzwbVfXEgr6ePo="></latexit>



Crack-face bridging in concrete

4

Crack face bridging in cement-based composites 111 

other, 9 but the fact that the same mechanism 
appears on a lower-size scale as well indicates that 
the mechanism is strongly related to the hetero- 
geneous structure of the material. This conclusion 
is strongly supported by the results of the numeri- 
cal simulations that are presented in a later sec- 
tion of this paper. The type of flexural crack face 
bridging which is observed here has been 
observed in other materials as well. In Table 3 a 
list of observations is included for different 
materials. Failure of the ligaments occurs in general 
through the extension of one of the crack tips and 
by coalescence of the growing tip with the wake of 
the other crack tip which remains stationary. A 
good example of the failure of a small ligament is 
shown in Fig. 11. The large crack overlap of Fig. 
10 failed through extension of the lower crack 
branch and coalescence with the upper crack. 
During growth of the lower crack tip, the upper 
crack closed partly and the tip remained sta- 
tionary. In addition to this, flexural cracking was 
observed in the large ligament. 10 

Fig. 9. Observations of flexural crack face bridging from 
impregnation experiments: (a) 2-mm mortar; (b) 12-ram 
Lytag; (c) 16-mm normal-strength concrete. NUMERICAL MODEL 

Crack face bridging 
The crack face bridges appear in general close to 
larger stiff aggregates. Nevertheless, smaller 
bridges are present as well, and often a complete 
'hierarchy' of crack face bridges is observed. 
Results of crack face bridging at the specimen 
surface are shown in Fig. 10. In Fig. 10(b), the 
crack growth at the surface of a Lytag specimen is 
shown at an average crack opening of 100 ~m; 
Fig. 10(c) shows the same area at 200/~m average 
axial crack opening. These images were obtained 
from mosaics of photographs taken with the 
Questar remote measurement system. In the 
present example the surface was manually 
scanned, and for this purpose the loading was 
halted or, rather, the specimen was unloaded at an 
extremely small loading rate [see the two small 
hysteresis loops in Fig. 10(a)]. 

At first glance, Fig. 10 shows a single large 
overlap at the surface of the specimen. However, 
close scrutiny of the two overlapping crack 
branches shows that similar overlaps exist on a 
smaller scale. It remains questionable whether the 
large overlap is caused by the specimen geometry 
and the boundary conditions of the test, which 
allows a flip-over of the crack from one side to the 

The results have been analysed using a simple 
numerical technique developed in theoretical 
physics, e.g. by Herrmann. 14 The material is 
modelled as a lattice of brittle breaking beam ele- 
ments. In the current model a triangular lattice is 
chosen, as shown in Fig. 12. The model is based 
on a linear elastic finite element model (DIANA). 
The non-linearities are introduced through the 
fracture law, which states that a beam element is 
removed from the mesh as soon as a combination 
of normal force and bending moment is exceeded: 

a,<F/A+a*max(IMil, lMjl)/W (1) 

where F is the normal force in the beam element, 
M i and Mj are the bending moments in nodes i 
and j of the beam element respectively, A = b*h is 
the cross-sectional area of the beam, and 
W=b*h2/6. The coefficient a is introduced in 
order to select a failure mode where bending 
plays either a dominant or a restricted role. The 
exact magnitude of this coefficient should be 
determined from a parameter study and compari- 
son with experimental measurements. In the 
present analyses a rather arbitrary choice for a is 
made: a = 1/3. After removal of a beam element 
the linear analysis is repeated. The external load 
that can be carried by the new lattice is simply 
determined by the beam element with the highest 

(Schlangen and Van Mier,

• Crack face bridging by ag-
gregate particles in a con-
crete specimen observed by
fluorescent-epoxy-impregnation.
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(Trtik et al.,

• Micro-tomography studies reveal
similar bridging mechanisms at a
much finer length scale in micro-
tension specimens of Portland
cement, one of the constituents
of concrete.
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• Quasi-brittle

– progressive damage with
strain-softening

– e.g. concrete
<latexit sha1_base64="B0b83B5vewNNAdzwbVfXEgr6ePo="></latexit>

• The toughness of concrete is attributed to crack-face bridging.
<latexit sha1_base64="MJ1iWU4GYL6pd7oanu4QIbZITW0="></latexit>



Crack-face bridging: fiber-reinforced concrete and  PMMA

5

(Ishiyama et al.,2001)

(Argon and  
Hannoosh,1977)

• Craze formation normal to the
loading direction in PMMA.

• Bridging of craze faces with poly-
mer fibrils in a polystyrene spec-
imen.
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Figure 7. Stress vs. strain curves of Mix 4 
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Figure 8. Stress vs. strain curves of Mix 5 

 

 

  
Figure 9. Multiple cracking pattern of Mix 1 (a) and Mix 2 (b) 

 

  
Figure10. Multiple cracking pattern of Mix 3 (a) and Mix 4 (b) 

 

Attempt was made to characterize the size 
distribution of large flaws in Mix 1 and 3, by 
examining the cracked and uncracked sections 
sliced from the coupon specimen after uniaxial 
testing under 200× optical microscope. It was 
found that large flaws are mostly entrapped air 
voids. The measured size distribution is plotted in 
Figure 11, where each dot represents one void on 
the section. With few exemptions, two general 
observations can be made: 1) the largest void at 
cracked sections are larger than that on uncracked 
sections; 2) the number of large voids (>1.0 mm) 
on cracked sections is higher than that on 
uncracked sections. This suggests that the large 
voids play significant role in cracking initiation, 
provided that the density of capillary pores and 
small air voids remain almost the same across the 
specimen. The largest voids on the cracked 
sections of Mix 1 range from 2.5 mm to 5 mm with 
an average of 3.4 mm, while the largest voids on 
the cracked sections of Mix 3 range from 1.7 mm 
to 4.2 mm with an average of 2.8 mm. Although 
the void size of Mix 3 is smaller than that of Mix 1, 
the matrix cracking strength of Mix 1 is generally 
higher than that of Mix 3. This may be attributed to 
the difference of matrix fracture toughness between 

(a) (b) 

(a) (b) 
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Figure 9. Multiple cracking pattern of Mix 1 (a) and Mix 2 (b) 

 

  
Figure10. Multiple cracking pattern of Mix 3 (a) and Mix 4 (b) 

 

Attempt was made to characterize the size 
distribution of large flaws in Mix 1 and 3, by 
examining the cracked and uncracked sections 
sliced from the coupon specimen after uniaxial 
testing under 200× optical microscope. It was 
found that large flaws are mostly entrapped air 
voids. The measured size distribution is plotted in 
Figure 11, where each dot represents one void on 
the section. With few exemptions, two general 
observations can be made: 1) the largest void at 
cracked sections are larger than that on uncracked 
sections; 2) the number of large voids (>1.0 mm) 
on cracked sections is higher than that on 
uncracked sections. This suggests that the large 
voids play significant role in cracking initiation, 
provided that the density of capillary pores and 
small air voids remain almost the same across the 
specimen. The largest voids on the cracked 
sections of Mix 1 range from 2.5 mm to 5 mm with 
an average of 3.4 mm, while the largest voids on 
the cracked sections of Mix 3 range from 1.7 mm 
to 4.2 mm with an average of 2.8 mm. Although 
the void size of Mix 3 is smaller than that of Mix 1, 
the matrix cracking strength of Mix 1 is generally 
higher than that of Mix 3. This may be attributed to 
the difference of matrix fracture toughness between 

(a) (b) 

(a) (b) 

(Wang and Li, 2004)

• Fiber reinforced cementitious
composite subjected to tension:

– Engineering stress-strain
curves.

– Microcracks with bridging
fibers normal to loading di-
rection.
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